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We show that if L is a ﬁnite Moufang loop and p is a “Sylow
prime” for L then there exists a Sylow p-subloop of L. Moreover, if
L1 is a p-subloop of L then L1 is contained in a Sylow p-subloop
of L. Finally, for ﬁnite Moufang loops that don’t contain Sylow
p-subloops, any p-subloop can be embedded in some quasi-Sylow
p-subloop.
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1. Introduction
A Moufang loop is a loop in which (xy)(zx) = x((yz)x) is an identity. Let p be a prime. Such loops
that have a ﬁnite order that is a power of p are called p-loops. It was ﬁrst proven by Glauberman and
Wright in [6] and [7] that a ﬁnite Moufang loop is a p-loop if and only if every element in the loop
has an order that is a power of p. If a p-subloop of a ﬁnite Moufang loop L has an order that is the
highest power of p dividing the order of the loop L then such a loop is called a Sylow p-subloop of L.
It has been shown in [3] that Sylow’s Theorems, with possible exception of conjugacy, hold in
ﬁnite Moufang loops for the prime p = 2. This brings up the question as to whether or not this is
true for other primes.
We say that p is a Sylow prime for a ﬁnite Moufang loop L if p  q
2+1
gcd(q+1,2) for all q for which a
composition factor of L is isomorphic to the Paige loop P (q). It has been proven by Grishkov and
Zavarnitsine in [8] and [9] that if p is a Sylow prime for a ﬁnite Moufang loop L then L contains a
Sylow p-subloop.
Suppose that L is a ﬁnite Moufang loop and that p is a Sylow prime for L. It is shown in [4]
that if every p-subloop of L is contained in some Sylow p-subloop of L then the number of Sylow
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of L, it doesn’t immediately follow that every p-subloop of L will be a subloop of some Sylow p-sub-
loop of L. Here in this paper we reprove the existence not only showing that L contains a Sylow p-
subloop but also showing that any p-subloop of L is contained in a Sylow p-subloop of L. We do this
by looking at a triality group of L, say G , which is invariant under S = 〈σ ,ρ〉 and showing that every
p-subgroup of G that is invariant under S is contained in some Sylow p-subgroup of G that is invari-
ant under the reﬂection σ . By doing this, we not only can create a Sylow p-subloop of L that contains
a given p-subloop but we also get a better understanding of Sylp(L) whose cardinality doesn’t always
divide |L|. For example, if L is the Paige loop P (2) then |L| = 120 whereas |Syl3(L)| = 28.
2. Moufang loops
A set L with a binary operation is called a loop if there exists an identity element 1 with 1x =
x = x1 for every x ∈ L and both left and right multiplication by any ﬁxed element of L permutes the
elements of L. A loop L is a Moufang loop if the identity (xy)(zx) = x((yz)x) holds for all x, y, z ∈ L.
This weaker form of the associative law, also called the Moufang identity, was introduced by Ruth
Moufang and, from Lemma 3.1 of [1], is actually equivalent to the identities ((xy)x)z = x(y(xz)) and
z(x(yx)) = ((zx)y)x.
It can be seen that every group is a Moufang loop. Even with the lack of associativity Moufang
loops still capture many properties that hold for groups. A loop is said to be diassociative if any two
of its elements generate a group. It was proven by Ruth Moufang [12] that every Moufang loop is
diassociative. It has also been proven, in [5] and [10], that Lagrange’s Theorem not only holds for
groups but also for Moufang loops.
Lemma 2.1. If L is a Moufang loop and y ∈ L then the following map
f : L −→ L,
x −→ xy = y−1xy
preserves the order of x, that is | f (x)| = |x|.
Proof. Since L is diassociative, 〈x, y〉 is a group that contains x and f (x). Hence,
xk = 1 ⇐⇒ y−1xk y = 1
⇐⇒ f (x)k = 1. 
A nice example of nonassociative Moufang loops can be formed by looking at Zorn vector matrices
(
a v
u b
)
where a and b are contained in a ﬁnite ﬁeld Fq and u, v ∈ F 3q . Here addition and multiplication are
deﬁned in the following way
(
a v
u b
)
+
(
c α
β d
)
=
(
a + c v + α
u + β b + d
)
,
(
a v
u b
)(
c α
β d
)
=
(
ac + v · β aα + dv − u × β
bβ + cu + v × α bd + u · α
)
where u · v and u× v are the usual dot product and cross product. With the quadratic form q(( a vu b )) =
ab− v ·u, such a matrix M is invertible if and only if q(M) 	= 0. Under multiplication such matrices are
S.M. Gagola III / Journal of Algebra 322 (2009) 1565–1574 1567nonassociative but do satisfy the Moufang identities. Therefore, the set of invertible matrices of norm
one, SLL(q), forms a Moufang loop. Martin Liebeck [11] classiﬁed all of the ﬁnite simple nonassociative
Moufang loops showing that these were the ﬁnite Paige loops, namely, P (q) = SLL(q)/{±I}.
Lemma 2.2. If L is a ﬁnite Moufang loop and p is a Sylow prime of L then there exists a nontrivial element
g ∈ L such that |g| is a power of p.
Proof. This is known for groups and Paige loops. Assume there exists a counterexample and let L
be such a loop of smallest order. Since L isn’t a group or a Paige loop, L isn’t simple and has a
proper normal subloop, N . Suppose p | |N|. By minimality of |L|, N contains a nontrivial element
whose order is a power of p. But such an element would also be an element of L. Thus p  |N| and
p | |L|/|N| = |L/N|. By minimality of |L|, L/N contains an element whose order is a power of p. Thus
there exists an element h ∈ LN such that hk /∈ N for any integer k with p  k. Hence, |h| =mpn where
m and n are integers with n 1 and p m. Therefore, L contains a nontrivial element hm whose order
is a power of p which forms a contradiction. 
3. Groups with triality
In this section we show the correspondence between Moufang loops and groups with triality.
Deﬁnition 3.1. Suppose G is a group, S  Aut(G), S = 〈σ ,ρ〉 ∼= S3 with |σ | = 2 and |ρ| = 3. The pair
(G, S) is called a group with triality if for every g ∈ G the identity
[g,σ ][g,σ ]ρ [g,σ ]ρ2 = 1
holds.
Here [g, σ ] = g−1gσ for all g ∈ G . So if a = [g, σ ] for some g ∈ G then it follows that aσ = a−1.
If G is a group with triality S = 〈σ ,ρ〉 and L = {[g, σ ] | g ∈ G} then, from [2] and [10], L is a
Moufang loop associated with G under the binary operation
a  b = (a−1)ρb(a−1)ρ2
= a−ρba−ρ2 .
So if a,b ∈ L then we have the following equalities:
a  a  · · ·  a︸ ︷︷ ︸
k
= (a1−k)ρa(a1−k)ρ2
= (a1−k)ρa−ρa−ρ2(a1−k)ρ2
= (a−k)ρ(a−k)ρ2
= ak,
a  b  a = a  (b−ρab−ρ2)
= a−ρb−ρab−ρ2a−ρ2
= a−ρb−ρa−ρa−ρ2b−ρ2a−ρ2
= (aba)−ρ(aba)−ρ2
= aba,
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= (a−1  b−1)−1
= b  a.
It was shown by Doro [2] that for any Moufang loop L there exists a group G with triality S such
that L is the corresponding Moufang loop. However, such a group is not necessarily unique.
Lemma 3.2 (Doro). If L is a Moufang loop and G is a triality group of L then Lρ
2
is a right transversal of CG(σ )
in G. So every element in G can bewritten uniquely as xgρ
2
where x ∈ CG(σ ) and g ∈ L and |G| = |CG(σ )| · |L|.
Similarly, every element in G can be written uniquely as yhρ where y ∈ CG(σ ) and h ∈ L.
Proof. This was proven by Doro in Lemma 1 of [2]. 
Suppose that G is a group with triality S where L is the corresponding Moufang loop. If L1 is a
subloop of L then, from [5] and [10], there is a subgroup
G(L1) =
〈
L1, L1
ρ, L1
ρ2
〉
of G , which is also invariant under S , such that L1 is the Moufang loop associated with the triality
group G(L1).
Lemma 3.3. Suppose G is a group with triality S = 〈σ ,ρ〉 and L is the corresponding Moufang loop. If g ∈ L
and x ∈ CG(σ ) then
x−1gx, x−ρ gxρ2 ∈ L and
g−ρ gρ2 ∈ CG(σ ).
Proof. Since x−1gx = x−1g−ρ g−ρ2x = [gρx, σ ] and x−ρ gxρ2 = x−ρ g−ρ g−ρ2xρ2 = [gρxρ,σ ], x−1gx,
x−ρ gxρ2 ∈ L. Since (g−ρ gρ2)σ = gρ2 g−ρ = g−ρ gρ2 , g−ρ gρ2 ∈ CG(σ ). 
Lemma 3.4. If G is a group with triality S = 〈σ ,ρ〉where L is the corresponding Moufang loop then G(L) G
and H is invariant under S for any G(L) H  G.
Proof. By Theorem 1 of [10], G(L) G . By Lemma 3.2, H = CH (σ )Lρ = CH (σ )Lρ2 and is invariant
under σ . Furthermore, H = 〈G(L),CH (σ )〉. For any x ∈ CH (σ ), x−1xρ = (x−ρxρ2 )ρ2 ∈ Lρ2  H and
therefore xρ ∈ H . Hence H is invariant under S = 〈σ ,ρ〉. 
Theorem 3.5. If p is a prime and L1  L is a p-subloop then G(L1) G(L) is a p-subgroup.
Proof. See Theorem 4.3 of [4]. 
4. Main result
In this section we will show that every p-subloop of a ﬁnite Moufang loop L is contained in some
Sylow p-subloop of L given that p is a Sylow prime for L.
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Let h ∈ L and xgρ ∈ G where x ∈ CG(σ ) and g ∈ L. If you conjugate the elements h and hρ by the element xgρ
then you will get elements a and b, respectively, where the following elements of L:
[
aρ,σ
] = [(g−ρx−1hxgρ)ρ,σ ] and[
bρ,σ
] = [(g−ρx−1hρxgρ)ρ,σ ]
have the same order as h.
Proof. Since
[(
g−ρx−1hxgρ
)ρ
,σ
] = g−ρ2x−ρh−ρxρ gρ2 gρx−ρ2h−ρ2xρ2 g−ρ
= x−1(xρ g−1x−ρ2)ρ2(h−ρxρ g−1x−ρ2h−ρ2)(xρ g−1x−ρ2)ρx
= x−1(xρ g−1x−ρ2)ρ2[h  (xρ g−1x−ρ2)](xρ g−1x−ρ2)ρx
= x−1[h  (xρ g−1x−ρ2)  (xρ g−1x−ρ2)−1]x
= x−1hx,
[(g−ρx−1hxgρ)ρ,σ ] has the same order as h. Since
[(
g−ρx−1hρxgρ
)ρ
,σ
] = g−ρ2x−ρh−ρ2xρ gρ2 gρx−ρ2h−ρxρ2 g−ρ
= x−1(xρ g−1x−ρ2)ρ2(h−ρ2xρ g−1x−ρ2h−ρ)(xρ g−1x−ρ2)ρx
= x−1(xρ g−1x−ρ2)ρ2[(xρ g−1x−ρ2)  h](xρ g−1x−ρ2)ρx
= x−1[(xρ g−1x−ρ2)  h  (xρ g−1x−ρ2)−1]x,
[(g−ρx−1hρxgρ)ρ,σ ] has the same order as (xρ g−1x−ρ2 )  h  (xρ g−1x−ρ2 )−1. Thus, by Lemma 2.1,
[(g−ρx−1hρxgρ)ρ,σ ] has the same order as h. 
Lemma 4.2. Let G be a group with triality S = 〈σ ,ρ〉 where L is the corresponding Moufang loop. If H is a
p-subgroup of G that is invariant under S, g ∈ NG(H) ∩ L with |g| = pk for some integer k, and x ∈ NG(H) ∩
CG(σ ) with x−ρxρ
2 ∈ H and |x| = pm for some integer m then both 〈H, g, gρ〉 and 〈H, x〉 are p-groups that
are invariant under S.
Proof. Since g ∈ NG(H) and |g| = pk , 〈H, g〉 is a p-group. Since H is invariant under ρ , gρ ∈ NG(H).
Furthermore, since gg
ρ = g−ρ ggρ = g−ρ g−ρ2 = g , gρ ∈ NG(〈H, g〉). Therefore, 〈H, g, gρ〉 is a p-group
and it is invariant under S since gρ
2 = g−1g−ρ and gσ = g−1.
Since x ∈ NG(H) and |x| = pm , 〈H, x〉 is a p-group. Since x−ρxρ2 ∈ H , xρ = x(x−ρxρ2)ρ2 ∈ 〈H, x〉.
Similarly, xρ
2 ∈ 〈H, x〉. Therefore, 〈H, x〉 is a p-group that is invariant under S . 
Lemma 4.3. Let G be a group with triality S = 〈σ ,ρ〉 where L is the corresponding Moufang loop. If L1 is a
subloop of L and H is a subgroup of G such that G(L1) H, L1 = {[a, σ ] | a ∈ H}, and H is invariant under
σ then there exists a unique maximal subgroup M  H that contains G(L1) and is invariant under S, namely,
M = {xgρ ∈ H | g ∈ L1, x ∈ CG(σ ), x−ρxρ2 ∈ L1}.
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Claim. M = A where A = {xgρ ∈ H | g ∈ L1, x ∈ CG(σ ), x−ρxρ2 ∈ L1}.
Note that for any h = xgρ ∈ H where g ∈ L and x ∈ CG(σ ) we have
g = g−ρ g−ρ2 = (xgρ)−1(xgρ)σ = h−1hσ ∈ L1 and (1)
x = (xgρ)g−ρ = hg−ρ ∈ H (2)
since g−ρ ∈ G(L1)  H . So H = CH (σ )G(L1). In fact, any subgroup K  H that contains G(L1) is of
the form K = CK (σ )G(L1). Therefore, M = CM(σ )G(L1) and since M is invariant under S , x−ρxρ2 ∈ L1
for any x ∈ CM(σ ). This proves that M ⊆ A.
We will now show that A is both closed and invariant under S . Note that A contains G(L1). If
x, y ∈ CH (σ ) where x−ρxρ2 , y−ρ yρ2 ∈ L1 then
(xy)−ρ(xy)ρ2 = y−ρx−ρxρ2 yρ2
= (y−ρ yρ2)−ρ2 y−1x−ρxρ2 y(y−ρ yρ2)−ρ
= (y−1(x−ρxρ2)y)  (y−ρ yρ2)
∈ L1  L1 = L1.
Furthermore, if g ∈ L1 and y ∈ CH (σ ) with y−ρ yρ2 ∈ L1 then
y−1gρ y = (y−ρ2 gyρ2)ρ
= [(y−ρ yρ2)ρ y−1gy(y−ρ yρ2)ρ2]ρ
= [(y−ρ yρ2)−1  (y−1gy)]ρ
∈ (L1  L1)ρ = Lρ1 .
Therefore, if xgρ1 , yg
ρ
2 ∈ A where x, y ∈ CH (σ ) and g1, g2 ∈ L1 then xgρ1 ygρ2 ∈ xLρ1 yLρ2 = xyLρ1 Lρ2 ⊆
xyG(L1). So xg
ρ
1 yg
ρ
2 = ((xy)z)gρ where z ∈ CG(L1)(σ ) and g ∈ L1. Therefore, since x, y, z ∈ A,
((xy)z)−ρ((xy)z)ρ2 ∈ L1 and A is closed under multiplication.
Since A is a subgroup of H that contains G(L1), A = CA(σ )G(L1). For any x ∈ CA(σ ),
xρ = x(x−ρxρ2)ρ2 ∈ A and
xρ
2 = x(x−ρxρ2)−ρ ∈ A.
Therefore, both CA(σ ) and G(L1) are invariant under S making A invariant under S .
Since we know that M ⊆ A and we also know that A is a subgroup of H that contains G(L1) and
is invariant under S , by maximality of |M|, M = A. 
Proposition 4.4. Let G be a groupwith triality S = 〈σ ,ρ〉where L is the correspondingMoufang loop. Suppose
P is a maximal p-subloop of L and B is a p-subgroup of G containing G(P ) that is invariant under σ . Suppose
also that M is a maximal subgroup of B that contains P and is invariant under S. If there exists a subgroup
G(P ) K  M such that K  B then for any a ∈ BM the element [aρ,σ ] has an order that is not a power
of p.
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B is invariant under σ , g = a−1aσ ∈ B . Thus, g ∈ NG(K ) and, by Lemma 4.2, 〈K , g, gρ〉 is a p-group
that is invariant under S . Thus 〈K , g, gρ〉 is a group with triality S and, by maximality of |P |, P is its
corresponding Moufang loop. Hence, gρ ∈ M which implies that x ∈ BM .
Since a ∈ NG(K ) and K is invariant under S , [aρ,σ ] ∈ NG(K ). That is, g−ρ2(x−ρxρ2 )g−ρ ∈ NG(K ).
Hence, since gρ and gρ
2
are contained in G(P ), x−ρxρ2 ∈ NG(K ).
Since x ∈ BM , by Lemma 4.3, x−ρxρ2 /∈ P . Assume that the order of [aρ,σ ] is a power of p.
From Lemma 4.2 we know that 〈K , [aρ,σ ], [aρ,σ ]ρ〉 = 〈K , x−ρxρ2 , (x−ρxρ2 )ρ〉 is a p-group. Since
x−ρxρ2 /∈ P , P is properly contained in the Moufang loop associated with 〈K , [aρ,σ ], [aρ,σ ]ρ〉. But,
by maximality of |P |, P = 〈K , [aρ,σ ], [aρ,σ ]ρ〉. Hence, by contradiction, the order of [aρ,σ ] is not a
power of p. 
Theorem 4.5. Let G be a ﬁnite group with triality S = 〈σ ,ρ〉 where L is the corresponding Moufang loop. If
P is a Sylow p-subloop of L then G(P ) is contained in a Sylow p-subgroup of G, Q , that is invariant under σ
with Q ∩ L = P .
Proof. Let M be a maximal p-subgroup of G that is invariant under S where P is its corresponding
Moufang loop. We know from Theorem 3.5 that such a group exists. If M is a Sylow p-subgroup of
G then we are done. Suppose p | |G|/|M|. Let a1 ∈ NG(M)M where |a1| is a power of p. If H1 is
the smallest subgroup of G that is invariant under S and contains 〈M,a1〉 then, since M is invariant
under S , M  H1. Since P is a Sylow p-subloop of L, H1/M is a triality group whose corresponding
Moufang loop has an order that is not divisible by p. But p | |H1|/|M|. Therefore, by Lemma 3.2,
p | |CH1 (σ )/CM(σ )|. Let x1 ∈ CH1 (σ )M where |x1| is a power of p. Thus, since M  H1, B1 = 〈M, x1〉
is a p-subgroup of G that is invariant under σ with M  B1 and B1 ∩ L = P .
Suppose that Bn = 〈M, x1, . . . , xn〉 is a p-subgroup of G that is invariant under σ with xi ∈ CG(σ )
for all 1  i  n and that there exists a subgroup G(P )  Kn  M such that Kn  Bn . Note that
when n = 1, K1 = M . If p | |G|/|Bn| then let an+1 ∈ NG(Bn)Bn where |an+1| is a power of p. So
for any element h ∈ P , we have han+1 , (hρ)an+1 ∈ Bn . Assume there exists an element h ∈ P such
that han+1 /∈ M . Since han+1 ∈ Bn , by Proposition 4.4, the element [(han+1 )ρ,σ ] has an order that is
not a power of p. But by Lemma 4.1, [(han+1)ρ,σ ] has the same order as h. Thus, by contradiction,
Pan+1 ⊆ M . Similarly, (Pρ)an+1 ⊆ M . Therefore, G(P )an+1 = 〈P , Pρ〉an+1  M . In fact, G(P )b  M for any
b ∈ 〈CBn (σ ),an+1〉. Thus, there exists a group G(P ) Kn+1  M such that 〈CBn (σ ),an+1〉 NG(Kn+1).
By Lemma 3.4, Kn+1 is invariant under S . If Hn+1 is the smallest subgroup of G that is invariant under
S and contains 〈Bn,an+1〉 then, since Kn+1 is invariant under S and Kn+1 〈Bn,an+1〉, Kn+1 Hn+1.
Since P is a Sylow p-subloop of L, Hn+1/Kn+1 is a triality group whose corresponding Moufang
loop has an order that is not divisible by p. But p | |〈Bn,an+1〉|/|Bn|. Therefore, by Lemma 3.2, p |
|CHn+1 (σ )/CBn (σ )|. Let xn+1 ∈ CHn+1 (σ )Bn where |xn+1| is a power of p. Thus, Bn+1 = 〈Bn, xn+1〉 is
a p-subgroup of G that is invariant under σ with Bn  Bn+1 and Bn+1 ∩ L = P . Since |G| is ﬁnite, by
induction, there exists some Sylow p-subgroup of G , Q , that is invariant under σ with G(P ) Q and
Q ∩ L = P . 
Theorem 4.6. If L is a ﬁnite Moufang loop, p is a Sylow prime for L, and L1 is a p-subloop of L then there exists
a Sylow p-subloop of L that contains L1 .
Proof. Assume that this is not true. Let L be of smallest order and L1 be of largest order so that L1
is not contained in a Sylow p-subloop of L. Let M be a maximal p-subgroup of G(L) that is invariant
under S = 〈σ ,ρ〉 where L1 is its corresponding Moufang loop. Let B = 〈M, x1, . . . , xn〉 be the largest
p-subgroup of G(L) that is invariant under σ with B ∩ L = L1 where xi ∈ CG(L)(σ ) for all 1  i  n.
Since L1 is not a Sylow p-subloop of L, p | [L : L1] and thus p | [G(L) : B]. Let a ∈ NG(L)(B)B where
|a| is a power of p. Let H be the smallest subgroup of G(L) that contains 〈B,a〉 and is invariant
under S . Denote its corresponding Moufang loop by L2. Now if b ∈ H and h ∈ L1 then hb ∈ B . By
Lemma 4.1, [(hb)ρ,σ ] has the same order as h which is a power of p. If hb /∈ M then, since hb ∈ B , by
Proposition 4.4, the element [(hb)ρ,σ ] has an order that is not a power of p. But since we know that
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Therefore, G(L1)b = 〈L1, Lρ1 〉b  M for any b ∈ H . Thus, there exists a group G(L1) K  M such that
K  H . By Lemma 3.4, K is invariant under S . Thus H/K is a group with triality S ′ = 〈σ ′,ρ ′〉 with
p | [H/K : B/K ]. Here σ ′ and ρ ′ are induced by σ and ρ respectively. Note that B/K  CH/K (σ ′).
By maximality of |B|, p  |CH/K (σ ′)|/|B/K |. Therefore, by Lemma 3.2, p | |L2|/|L1|. Since p is a Sylow
prime of L, p is a Sylow prime of L2. Thus, by Lemma 2.2, there exists a nontrivial element, in
the Moufang loop corresponding to H/K , whose order is a power of p. So there exists an element
g ∈ L2L1 whose order is a power of p. Hence, by Lemma 4.2, 〈L1, g, gρ〉  L is a p-group that is
invariant under S . Therefore, the loop L1 is properly contained in the p-loop 〈L1, g〉 which contradicts
the maximality of |L1|. 
Corollary 4.7. If L is a ﬁnite Moufang loop, p is a Sylow prime for L, and L1 is a p-subloop of L then G(L1) is
contained in a Sylow p-subgroup of G(L) that is invariant under σ .
Proof. This follows immediately from Theorems 4.6 and 4.5. 
Theorem 4.8. If L is a ﬁnite Moufang loop, p is a Sylow prime for L, and P1, P2 ∈ Sylp(L) then there exists an
element x ∈ CG(L)(σ ) such that 〈P1〉x = 〈P2〉 G(L).
Proof. By Theorem 4.5, there exist Q 1, Q 2 ∈ Sylp(G(L)) that are invariant under σ such that
G(P1) Q 1 and G(P2) Q 2. Since Q 1 and Q 2 are Sylow p-subgroups of G(L), there exists an ele-
ment xgρ ∈ G(L) with x ∈ CG(L)(σ ) and g ∈ L such that Q x
−1gρ
2 = Q 1. Since Q 1 and Q 2 are invariant
under σ ,
Q g
−ρ x
1 = Q 2 ⇒
(
Q g
−ρ x
1
)σ = Q 2
⇒ (Q σ1 )g−σρ
2
xσ = Q 2
⇒ Q gρ
2
x
1 = Q 2
⇒ (Q gρ2 x1 )x−1gρ = Q x−1gρ2
⇒ Q gρ
2
gρ
1 = Q 1
⇒ Q g−11 = Q 1.
Thus, 〈g〉  NG(L)(Q 1). Let M1 be the largest subgroup of Q 1 that is invariant under S = 〈σ ,ρ〉. So
for any b ∈ 〈g〉 and h ∈ P1, hb ∈ Q 1. Assume that there exist an element b ∈ 〈g〉 and an element
h ∈ P1 such that hb /∈ M1. Then, since hb ∈ Q 1, by Proposition 4.4, the element [(hb)ρ,σ ] has an
order that is not a power of p. But, by Lemma 4.1, [(hb)ρ,σ ] has the same order as h which is a
power of p. Hence, by contradiction, Pb1 ⊆ M1 for any b ∈ 〈g〉. Similarly, (Pρ1 )b ⊆ M1 for any b ∈ 〈g〉.
Thus, G(P1)b = 〈P1, Pρ1 〉b  M1 for any b ∈ 〈g〉. Therefore, there exists a group G(P1) K  M1 such
that 〈g〉 NG(L)(K ). By Lemma 3.4, K is invariant under S and therefore G(〈g〉) = 〈g, gρ〉 NG(L)(K ).
Hence,
K g
−ρ x  Q 2 ⇒ K x  Q 2
⇒ 〈P1〉x  Q 2.
By Lemma 3.3, P x1 ⊆ L ∩ Q 2 = P2. Since P1, P2 ∈ Sylp(L), |P1| = |P2| and P x1 = P2. Hence, 〈P1〉x =〈P2〉. 
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of L. If p is a Sylow prime for Li then let Pi ∈ Sylp(Li) otherwise let Pi = 1. We say that a subloop of
L is a quasi-Sylow p-subloop if it has an order of
∏n
i=1 |Pi |. Let q-Sylp(L) denote the set of all quasi-
Sylow p-subloops of L. Furthermore, we will let Grp(L) be the product of all normal subloops of L for
which p is a Sylow prime.
Theorem 4.9. If L is a ﬁnite Moufang loop and p is a prime then the following properties hold for Grp(L).
(i) Grp(L) L and p is a Sylow prime for Grp(L);
(ii) The factor loop L/Grp(L) contains no elements of order p;
(iii) All p-subloops of L are contained in Grp(L);
(iv) Sylp
(
Grp(L)
) = q-Sylp(L).
Proof. This was proven by A. Grishkov and A. Zavarnitsine in Proposition 3 of [8]. 
Corollary 4.10. If L is a ﬁnite Moufang loop and p is a prime then every p-subloop of L may be embedded in
some quasi-Sylow p-subloop of L, namely, some Sylow p-subloop of Grp(L).
Proof. This follows immediately from Theorems 4.6 and 4.9. 
Corollary 4.11. Suppose L is a ﬁnite Moufang loop and p is a prime. If P1, P2 ∈ q-Sylp(L) then there exists an
element x ∈ CG(L)(σ ) such that 〈P1〉x = 〈P2〉 G(L).
Proof. From Theorem 4.9 we get that P1, P2 ∈ Sylp(Grp(L)). Hence, by Theorem 4.8, there exists an
element x ∈ CG(Grp(L))(σ ) CG(L)(σ ) such that 〈P1〉x = 〈P2〉 G(L). 
Lemma 4.12. Let G be a group with triality S = 〈σ ,ρ〉 where L is the corresponding Moufang loop. If
P ∈ Sylp(L) and x ∈ CG(σ ) then P x ⊆ G is a subloop of L and therefore closed under  if and only if
P  (P  (xρx−ρ2 )) = P  (xρx−ρ2 ).
Proof. By Lemma 3.3 P x ⊆ L. Note that if g,h ∈ P then
(
x−1gx
)

(
x−1hx
) = (x−1gx)−ρ(x−1hx)(x−1gx)−ρ2
= x−ρ g−ρxρx−1hxx−ρ2 g−ρ2xρ2
= x−1xx−ρ g−ρ(xρx−ρ2)−ρ2h(xρx−ρ2)−ρ g−ρ2xρ2x−1x
= x−1(xρx−ρ2)ρ2(g  (h  (xρx−ρ2)))(xρx−ρ2)ρx
= x−1[(g  (h  (xρx−ρ2)))  (xρx−ρ2)−1]x.
Thus (x−1gx)  (x−1hx) ∈ P x if and only if g  (h  (xρx−ρ2 )) ∈ P  (xρx−ρ2 ). Hence, the set P x is closed
under  if and only if P  (P  (xρx−ρ2 )) ⊆ P  (xρx−ρ2 ) which is true if and only if P  (P  (xρx−ρ2 )) =
P  (xρx−ρ2 ). 
So if L is a ﬁnite Moufang loop where P ∈ Sylp(L) and G is a triality group of L then the set
A = {x ∈ CG(σ ) ∣∣ P  (P  (xρx−ρ2)) = P  (xρx−ρ2)}
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P x = P y then P xy−1 = P and xy−1 is contained in
B = NG
(〈P 〉)∩ CG(σ ).
Thus if n = |Sylp(L)| then, by Theorem 4.8, |B|n = |A|. Note that the group
C = CG(S)
is contained in A since x ∈ C implies that xρx−ρ2 = xx−1 = 1. Furthermore, if we let
D = {h ∈ L ∣∣ P  (P  h) = P  h, h = xρx−ρ2 for some x ∈ CG(σ )}
with xρx−ρ2 = yρ y−ρ2 ∈ D where x, y ∈ CG(σ ) then
xρx−ρ2 = yρ y−ρ2 ⇒ y−ρxρx−ρ2 yρ2 = 1
⇒ (y−1x)ρ(y−1x)−ρ2 = 1
⇒ (y−1x)ρ = (y−1x)ρ2
⇒ y−1x ∈ C .
So from this we get that |A| = |D||C |. Therefore, n = |D||C ||B| .
Example 4.13. If we are given that L is a Paige loop P (q) then G(L) ∼= PΩ+8 (q) and |G(L)| =
q12(q4−1)2(q6−1)(q2−1)
gcd(q+1,2)2 . Moreover, C ∼= G2(q) with |C | = q6(q6 − 1)(q2 − 1). So for the case where
L = P (2), |Syl3(L)| = 28 doesn’t divide |L| = 120 due to the fact that 7 is not a factor of 120. However,
one should note that |C | = 26 · 33 · 7 which is divisible by 7.
One should also note that when L is a group and G is a “large enough” triality group of L then
|Sylp(L)| = |D||C ||B| = |L||C ||B| = |L||B|/|C | = |L||NL (P )| . By “large enough” we mean that for every element g ∈ L
there exists an element x ∈ CG(σ ) such that g = xρx−ρ2 .
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